Introduction
Because of its fundamental and astrophysical importance, the hydrogen molecule has attracted the interest of both experimentalists and theoreticians for decades. Many excited singlet and triplet states, especially those with principal quantum number n ≤ 4 and below the n = 2 dissociation threshold, were first observed in emission of H 2 excited by a discharge. 1, 2 Most studies of higher excited states focussed on the singlet-p manifold of ungerade symmetry because these states are accessible by absorption of a single vacuum-ultraviolet photon from the X 1 Σ + g ground state. [3] [4] [5] [6] Because of couplings between electronic and nuclear motion, the Rydberg states have a strongly perturbed energy-level structure, and the dynamics of the levels located above the dissociation and ionization thresholds is complex and reveals competitive predissociation, autoionization and radiative decay processes. 7, 8 Multichannel quantum-defect theory (MQDT) has been successful in quantitatively accounting for both the structure and dynamics of these highly-excited ungerade states. 9, 10 In the most favorable case of the npπ 1 Π − u Rydberg series, the position of the lowest member (n = 2) was calculated only 0.14 cm −1 below the experimental value 11 and the positions of states around n = 60 could be reproduced with a root-mean-square deviation of 40 kHz (∼10 −6 cm −1 ), after minor adjustments of the eigenquantum defects from their ab initio values. 12 The treatment of gerade states of H 2 is more challenging because these states are characterized by strong interactions between singly and doubly-excited electronic configurations. In the singlet manifold, these interactions result, among other effects, in the well-known double-minimum potentials of the 2sσ EF, 3sσ HH and 3dσGK states. Accurate ab initio treatments of these low-n states were achieved using the coupled-equation approach [13] [14] [15] and MQDT. [16] [17] [18] [19] [20] Attempts at extending the MQDT calculations to high-n gerade Rydberg states, for which the interaction with the doubly-excited states leads to strong predissociation, were either of moderate accuracy 21 or restricted to only a small part of the spectrum. 22 A few years ago, millimeter-wave transitions between Rydberg states of ortho-H 2 around n = 60
were observed in our laboratory. 23, 24 Whereas the MQDT analysis of the ungerade np and nf states could be performed with high accuracy and played an important role in the most recent determination of the ionization and dissociation energies of H 2 , HD, and D 2 , [25] [26] [27] an MQDT analysis of the gerade nd Rydberg states with similar accuracy was not possible so far. The difficulties arising in the theoretical treatment of these states result from the fact that they are strongly perturbed by channel interactions with low-n, high-v + Rydberg states, which themselves are subject to perturbations by doubly-excited states. The situation is further complicated by the s-d interaction and by the hyperfine interaction in ortho-H 2 , which completely mixes singlet and triplet character in the high-nd Rydberg states. The focus of the present work lies on the triplet gerade Rydberg states of H 2 . Its goals were to obtain a complete map of the triplet nd Rydberg states with core vibrational quantum number v + ≤ 4 in the range n = 5-30, to assign these states by combining double-resonance spectroscopic techniques and MQDT calculations, and to derive a reliable global set of MQDT parameters for all triplet gerade states with n = 2-30 in a least-squares fit. Instead of printing long tables of the numerous states observed experimentally, we chose to list the complete set of experimental energy levels, including predictions of a large number of so far unobserved triplet ns and nd Rydberg states, in the Supporting Information.
A schematic energy-level diagram of the relevant states is presented in Figure 1 . While states with n ≤ 4 were extensively studied (see Refs. 1,2,28-38 and also Ref. 39 for a recompilation of some of the experimental data), we are not aware of any systematic analysis of triplet gerade Rydberg states with n > 4. Several groups studied high-nd triplet Rydberg states from the metastable c 3 Π − u state; [40] [41] [42] [43] however, their spectra remained only partially analyzed, and neither vibrational perturbers nor ns Rydberg states could be definitely assigned. Dinu et al. 43 showed that, while the dominant decay channel for the triplet nd Rydberg states with v + ≤ 4 lying below the adiabatic ionization threshold is predissociation, states above this threshold decay predominantly by autoionization. This behavior differs from that of states with n ≤ 4 and v + ≥ 7 which are subject to fast predissociation even above the ionization threshold, as was shown in a series of experiments by Helm and coworkers [44] [45] [46] [47] and Siebbeles et al. 48 In particular the study of Lembo et al. 47 and a subsequent MQDT analysis by Matzkin et al. 49 demonstrated that, in the triplet manifold, perturbations by the gerade doubly-excited states become significant at internuclear distances larger than 4 a 0 (a 0 is the Bohr radius), and thus only directly affect Rydberg states with v + ≥ 6. Rydberg states with v + ≤ 5 might, however, be indirectly perturbed by doubly-excited states via vibrational channel interactions.
Experiment
A schematic diagram of the experimental configuration is displayed in Figure 2 . H 2 in the metastable c 3 Π − u state (referred to as H * 2 ) was produced by striking a discharge in a pulsed supersonic beam of pure H 2 . The discharge took place between a tungsten filament and an electrode tip placed 15 mm and 20 mm downstream from the grounded nozzle plate, respectively. An ac current of 6.0 A and 4 50 Hz was run through the filament and a potential of +700 V was applied to the electrode tip. A similar discharge setup was already used to produce metastable rare-gas atoms. 50, 51 During the first few minutes of operation, the H * 2 density decreased by a factor of ∼ 10, presumably because of the heating of the nozzle by the hot filament. The H * 2 density can be considerably increased by cooling the nozzle to around −100 • C. The measurements presented in this work were, however, carried out without cooling. To prevent the H + , H + 2 , and H + 3 ions also produced in the discharge from entering the laser-excitation region, two deflection plates, one grounded and one held at −250 V, were placed between the electrode tip and the skimmer.
In the laser-excitation region, H * 2 was excited to autoionizing Rydberg states using the second harmonic of a commercial pulsed dye laser (λ = 340 − 355 nm, bandwidth ∼0.05 cm −1 ). 50 ns after the laser pulse, a pulsed voltage was applied across a set of resistively coupled extraction plates to accelerate the H + 2 ions toward a microchannel-plate (MCP) detector. The laser-excitation region and the adjacent time-of-flight tube were surrounded by two concentric mumetal tubes to eliminate stray magnetic fields and reduce stray electric fields to below 5 mV/cm. The spectra were obtained by monitoring the ratio between the H + 2 ion signal and the laser intensity as a function of the wave number of the laser. The wave-number calibration was performed at an accuracy of ∼ 0.2 cm −1 by monitoring the radiation transmitted through an etalon of free spectral range 1.3 cm −1 and Ar-I transitions in an optogalvanic cell simultaneously with the H 2 spectrum.
Because the discharge produces many rovibrational levels of H * 2 and the Rydberg series accessible from these levels overlap spectrally, double-resonance experiments had to be performed to unambiguously determine the rovibrational quantum numbers of the initial levels. For this purpose, an additional, more intense pulsed UV laser (referred to as depletion laser) was overlapped spatially with the probe laser and used to deplete the population of selected c 3 Π − u levels 500 ns prior to the application of the probe laser. The wave number of the depletion laser was fixed at the positions of strong and well-known transitions so that the population of corresponding rovibrational levels of the metastable state was depleted by more than 50 %. The electrons produced by the autoionizing Rydberg states excited by the depletion and probe lasers were extracted toward the 5 MCP detector by applying a small dc electric field of −10 V/cm and detected separately by setting temporal gates at the relevant positions of the time-of-flight spectrum. Such a small electric field has a negligible effect on the positions of the n ≤ 15 Rydberg states assigned in this manner. The positive identification of the initial level of a transition induced by the probe laser was achieved by registering an increase (decrease) of the electron signal produced by the probe laser whenever the depletion laser was blocked (unblocked). Illustrative examples of this procedure are discussed below.
Observed spectrum
Vibrational and rotational structure
The spectrum of the autoionizing triplet Rydberg states of H 2 recorded from the metastable c 3 Π − u state is depicted in Figure 3 . The spectral regions highlighted by the areas shaded in gray in converge to the X + 2 Σ + g electronic ground state of H + 2 and are best described in Hund's angularmomentum coupling case (d). We use the notation n N + N (v + ), where n and are the principal and orbital-angular-momentum quantum numbers of the Rydberg electron, respectively, v + and N + are the vibrational and rotational quantum numbers of the H + 2 ion core, respectively, and N is the totalangular-momentum quantum number ignoring spins. Spins could be ignored throughout this work because, in the final Rydberg states, the interactions involving spins (i.e. spin-spin, spin-orbit, spin-rotation, and hyperfine interactions) give rise to splittings that could not be observed at the experimental resolution of 0.05 cm −1 .
The term valuesν of the Rydberg states relative to the X 1 Σ + g (v = 0, N = 0) ground state may be 6 converted into effective quantum defects δ using Rydberg's formulã
where h is Planck's constant, c is the speed of light in vacuum, E i (H 2 )/(hc) = 124417.4911(4) cm −1
is the adiabatic ionization energy of H 2 , 25 E + (v + , N + ) are the rovibrational energies of H + 2 taken from ab initio calculations, 52, 53 and R H 2 = 109707.450 cm −1 is the mass-corrected Rydberg constant for H 2 . The effective quantum defect δ is approximately constant except when there are strong channel interactions, and therefore Eq. (1) is useful for an initial analysis of the spectra. Based on Rydberg's formula, the most prominent spectral patterns in Figure 3 Shifts toward lower wave numbers of the transitions occurring at increasing v + = v values originate from the reduced vibrational spacing of H + 2 compared to the vibrational spacing of the metastable state. There are two reasons why the intensity of the transitions decreases with increasing vibrational excitation: Firstly, the higher vibrational levels of the metastable state are less populated in the discharge because the Franck-Condon factor for the excitation from the vibronic ground state of H 2 decreases. 42 Secondly, the lifetime of the metastable state decreases with vibrational excitation, 54 leading to a partial decay of the population of metastable H 2 in higher vibrational states during the ∼ 100 µs flight time from the discharge region to the laser-excitation region (see Figure 2) . Overall, the linewidths of the transitions on the low-n side of the spec-trum are larger than those on the high-n side. This effect primarily originates from the slower autoionization dynamics of high-n Rydberg states. However, we cannot exclude that saturation 
The 
Selection rules and orbital fine structure
The Rydberg electron in the c 3 Π − u state has predominant p character so that the ∆ = ±1 selection rule permits only transitions to ns and nd Rydberg states to occur strongly, whereas transitions to g states ( = 4) and higher partial waves are expected to be very weak and are not further 
The most intense Rydberg series observed in Figure 3 The observed Rydberg states are subject to weak orbital fine splittings corresponding to the angular-momentum coupling described by Eq. (2). In nd Rydberg states, the orbital fine structure consists of three components for N + = 1 and five components for larger values of N + . In Figure 4 , only two components are observed for N + = 1, and three components for N + = 2 and 3, because the electric-dipole selection rules given in Eqs. (3)- (5) exclude the other components. The magnitude of the orbital fine structure scales as n −3 and decreases with increasing N + value. The latter effect results from the increasing coupling of − → to the axis of rotation as N + increases. 55 In the limit of pure Hund's case (d), the orbital fine components become degenerate. The orbital fine splitting can be calculated using MQDT as will be discussed below. In Figs. 3 and 4 , the orbital fine component with N = N + + 1 is usually the most intense, and the N = N + − 1 component (for N + ≥ 2) the weakest.
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The metastable state and determination of term values
The splittings resulting from the spin fine structure of the metastable state is partially resolved for the narrow transitions on the high-n side of the spectrum, as illustrated for two transitions from and is clearly visible on the low-wave-number side of the transitions. The intensity of transitions from the F 2 component compared to F 1 and F 3 components is, however, considerably smaller than expected from the degeneracy factors alone. This observation has its origin in the shorter lifetimes of the F 2 components compared to the F 1 and F 3 components. 54 The transition wave numbers were determined by fitting a Gaussian line shape to the observed peaks assigned to the unresolved F 1 and F 3 components and correcting for the deviation between the F 1 and F 3 components and the center of gravity of all three components. For transitions with v > 1, the spin fine structure was obtained by linearly extrapolating the coupling constants of the v = 0 and 1 levels reported in Ref. 56 . Due to the reduced intensity of the F 2 component, the correction was also added for transitions for which the spin fine splitting could not be resolved.
Note that the correction does not exceed the experimental uncertainty of ±0.2 cm −1 and ranges from −0.07 cm −1 for the (1, 1) state to −0.05 cm −1 for the (4, 3) state.
The term values of the observed Rydberg states relative to the
of H 2 were obtained by adding the observed transitions wave numbers to the known positions of the metastable state. 39 In the course of the analysis, we found that the term values of the 
Rotational and vibrational channel interactions
Rydberg series can be perturbed by Rydberg states of lower n values but higher rotational and/or vibrational quantum numbers which lie in the same energy region. Several potential vibrational perturbers can be identified in Figure 1 . The n = 6, v + = 4 Rydberg states, for instance, is expected to perturb the v + = 3 Rydberg series between n = 9 and n = 10. Perturbers must have the same parity and the same N value as the Rydberg series they interact with. Channel interactions represent prototypical examples of nonadiabatic coupling of the electronic and nuclear motions, modify both the intensity distribution and the spectral positions of the otherwise regular Rydberg series, and are omnipresent in the spectra of Rydberg states of H 2 . In some cases, the interactions are so large that it is not possible to distinguish between perturbing and perturbed Rydberg states.
The narrow wave-number range between 28255 cm −1 and 28325 cm −1 displayed on an enlarged scale in Figure 6 is well suited to demonstrate the omnipresence of channel interactions in the triplet gerade spectrum of H 2 . In this region one indeed observes |∆v + | = 1 vibrational channel interactions, e.g. between the 10d1 1 (v + = 1) and the 6d1 1 (v + = 2) states (lines F and F' in Figure 6 ), which are the strongest vibrational channel interactions, and |∆N + | = 2 rotational channel interactions, e.g. The rotational channel interaction shifts the 10d1 2 (1) state to lower wave numbers which leads to the large value of the effective quantum defect δ in Table 1 when compared to other members of the Rydberg series. The transition to the 9d3 2 (1) state is correspondingly shifted to higher wave numbers and gains intensity through the almost complete mixing with the 10d1 2 (1) state.
A detailed analysis of the spectrum displayed in Figure 
Quantitative analysis Multichannel quantum-defect theory
To complete the assignment of the observed spectrum and to quantitatively analyze the structure of the observed Rydberg states, we used multichannel quantum-defect theory (MQDT) adapted to the calculation of bound states in molecules as described in Refs. 9,18,57,58. Several versions of MQDT exist which differ in the normalization of the Coulomb function pair employed to expand the wave function of the Rydberg electron, and also in the form of the irregular component added to account for core effects. 39, 59 In this work, we used the η-formalism, [17] [18] [19] which leads, for a given total parity (−1) p and a given total-angular-momentum quantum number N, to the following condition for the existence of a bound state with energy E:
In Eq. (6), K (N p) is the full rovibronic reaction matrix discussed below, and ν and A are matrices containing the effective principal quantum numbers and Ham's scaling factors, respectively. These three matrices have to be determined in Hund's case (d) for which i = ( , v + , N + ) are good quantum numbers. Quantum numbers associated with the electronic motion of the ion core are not used because we only consider the X + 2 Σ + g ground state of H + 2 in our analysis. In Hund's case (d), ν and A are both diagonal and their elements are given by
and
All quantities used in Eq. (7) have already been introduced in the previous section. Open channels,
i.e. channels for which the denominator in Eq. (7) is negative, are removed from the calculation, which implies that shifts caused by interactions with the ionization continua are neglected. In general, this is a good approximation because such shifts are expected to be smaller than the observed autoionization linewidths.
For the construction of the reaction matrix K (N p) (E) from the eigenquantum defects η (Λ) (R, E), we follow the procedure described in Sec. III B of Ref. 18 and evaluate
with
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In Eqs. (9) and (10), η (N p) is the quantum-defect matrix in Hund's case (d), V is the eigenvector
, Λ is the quantum number associated with the projection of − → N onto the internuclear axis, U is the rotational frame-transformation matrix discussed below, R is the internuclear distance, and χ are the vibrational wave functions of the electronic ground state of the H + 2 ion core. Note that the eigenquantum-defect parameters η (Λ) (R, E) used here do not correspond exactly to the η eigenquantum defects used in Ref. 18 but to their functions M Λ (R).
The advantages of using Eqs. (9) and (10) to construct the rovibronic reaction matrix were first recognized and discussed by Du and Greene. 60 The rotational frame-transformation matrix U is given by the unitary transformation from 
where δ is the Kronecker delta and the last factor represents a Wigner 3-j symbol. In the following we use the electronic parity (positive for Λ + states and negative for Λ − states) instead of the total parity (−1) p . The electronic parity is equal (opposite) to the total parity for even (odd) values of N. For a given electronic parity and N value, the contributing s and d channels of both limiting coupling cases are listed in Table 2 . In Hund's case (d), gerade Rydberg states have positive (negative) electronic parity if N − N + is even (odd).
Determination of the ab initio eigenquantum-defect curves
MQDT describes the triplet ns and nd Rydberg states in terms of five eigenquantum-defect func-
(R, E), and η (∆) dd (R, E), which we derive using the method described in Ref. 17 . We use Born-Oppenheimer (BO) potential-energy curves of the lowest five energy E(R) is first transformed to the energy of the Rydberg electron (in Rydberg units)
In Eq. (12), R ∞ = 109737.316 cm −1 is the Rydberg constant and E + (R) is the BO energy of the X + 2 Σ + g ground state of H + 2 taken from Ref. 66 . Each point ε(R) of a BO potential-energy curve has to fulfill the equation
Eq. (13) is the Hund's-case-(b) analogue of Eq. (6). The matrices ν and A are again diagonal and their elements are given by
The reaction matrix K (Λ) in Hund's case (b) is obtained in analogy to Eq. (9) using
where V is the eigenvector matrix of
The matrices in Eq. (13) For the 3 ∆ g symmetry, highly-accurate ab initio calculations are only available for two states, namely the 3dδ j and the 4dδ s states. 65 The same procedure as for the 3 Π g states can be applied, except that the extrapolation to arbitrary values of ε is performed using a linear polynomial in ε.
The resulting eigenquantum defects η (∆) dd are depicted in Figure 7e .
The situation is more complex for the 3 Σ + g symmetry because, in this case, Eq. (13) has two diagonal contributions (ss and dd) and one off-diagonal contribution for each value of R. It is therefore not possible to directly extract eigenquantum-defect parameters from the potential-energy curves. Instead, we follow Ref. 17 and assume that the shape of the s-d interaction in the relevant range of internuclear distances is given by
The s-d interaction at arbitrary values of ε is obtained by linear extrapolation. The choice of quadratic functions in Eqs. (17) and (18) is somewhat arbitrary, but is motivated by the fact that the s-d interaction vanishes at R = 0. We first choose values α 3 = α 4 = −0.0035 a −2 0 and set up, for a fixed value of R, a system of five equations by inserting the potential energy of the 2sσ a state, 62 the 3sσ h state, 62 the 3dσ g state, 62 the 4sσ state, 63 and the 4dσ state 63 
(12).
This system of equations is solved numerically for five parameters which we choose to be the ss eigenquantum defects at ε = −1 /2 2 , −1 /3 2 , −1 /4 2 , and the dd eigenquantum defects at ε = −1 /3 2 , −1 /4 2 . 
Mass dependence of the clamped-nuclei eigenquantum defects
Once the clamped-nuclei eigenquantum defects η (Λ) (R, ε) were determined, correction terms accounting for the finite mass of the nuclei were added. Although the use of the mass-corrected Rydberg constant in Eq. (7) already includes part of the finite-mass correction, two additional small Rydberg-electron-core interaction terms must be added separately as discussed in detail in
Ref. 18 . These contributions depend on the nuclear masses and correspond to the 'normal' and the 'specific' mass effect (mass-polarization term). Both terms may contribute up to a few cm −1 to the energy of the lowest Rydberg states, and thus have to be considered if, as is our aim here, the Rydberg structure from n = 2 or 3 up to n ≈ 45 is to be represented in a single MQDT calculation to within a fraction of a wavenumber unit. The 'normal' mass correction only contributes to the diagonal eigenquantum-defect matrix elements and is given by 18
where µ/m = 918.076 is the nuclear reduced mass of H 2 in atomic units. For all calculations presented in this work, the 'normal' mass correction was evaluated numerically at ε = 0 and added to the clamped-nuclei eigenquantum defects η (Λ) (R, ε) before they were used in Eq. (10).
The 'specific' mass effect represents a second correction 9
In Eq. (20), the gradient operators ∇ 1 and ∇ 2 act on the Rydberg and the core electron, respectively, and n * = n − δ is the effective principal quantum number. The evaluation of this term requires accurate first-principles electronic wavefunctions for a given Rydberg state |n * Λ (R); in the quantumchemical papers usually the quantity H 3 (R) = 2R ∞ (m/4µ) n * Λ(R)|a 2 0 ∇ 1 ∇ 2 |n * Λ(R) , in cm −1 , is given. For the 2sσ a state of H 2 , H 3 (R) has been calculated by Kolos and Rychlewski and amounts to 0.6 cm −1 around R = 2 a 0 . 67 From these ab initio calculations the 'specific' mass contribution to η (Σ) ss was evaluated using Eq. (20) and is given in the last column of Table 6 . For the 3d states, the 'specific' mass corrections are smaller and H 3 is on the order of 0.1 cm −1 , 68 i.e. less than the level of accuracy considered in this work.
We have not taken account of the 'specific' mass effect in our ab initio MQDT calculations designed to assign the spectra for n > 4 where it is not important, but we included its contribution to the ss Σ channel in the subsequent adjustments of the eigenquantum defects to experimental data in the range n = 2-30 which are discussed below.
Numerical implementation of MQDT
The ab initio rovibronic energies of the triplet ns and nd Rydberg states of H 2 were found by numerically solving Eq. (6) using the eigenquantum defects determined as described in the previous section. Whereas the matrices ν and A follow immediately from Eqs. (7) and (8), there is no unique way to evaluate K (N p) using Eqs. (9) and (10) . The ambiguity arises from the fact that in the current treatment the eigenquantum defects do not depend on the total energy E but only on the energy of the Rydberg electron ε. There are many possibilities to divide the total energy into the energy of the Rydberg electron and the energy of the ion core. 69 In Hund's case (b), e.g., the relation between E and ε is given by Eq. (12). Here we follow the approach explained in chapter 4.2.5
of Ref. 58 and use in Eq. (10) the eigenquantum defects at
Because the evaluation of Eq. (10) at each trial energy E is computationally expensive, we expand the eigenquantum-defect curves in a Taylor series in ε around ε = 0:
Note that with our choice of k max = 2, Eq. (23) perfectly describes the ab initio eigenquantum defects because these were constructed either as linear or quadratic polynomials in ε (see above).
In the same way as η (Λ) is transformed to Hund's-case-(d) eigenquantum defects η
in Eq. (10), the energy-independent Taylor coefficients
∂ε k are transformed to
∂ε k . Consequently, the Hund's-case-(d) eigenquantum defects are expressed as 58
The advantage of using Eq. (24) is that Eq. (10) does not have to be evaluated at each energy E, but only once for each Taylor coefficient.
The vibrational wave functions of H + 2 used in Eq. (10) were calculated from the potentialenergy curve including adiabatic corrections from Ref. 66 using the Numerov-Cooley algorithm on a grid with spacing 0.005 a 0 ranging from R min = 1.0 a 0 to R max = 12 a 0 . The integral in Eq. (10) was evaluated on the same grid using the eigenquantum defects determined for R ≤ 5 a 0 . The rovibrational energies of H + 2 used in Eq. (7) were taken from nonadiabatic ab initio calculations 52,53 for v + ≤ 10 and from our adiabatic calculations mentioned above for larger values of v + . The calculated Rydberg level energies did not depend on the values of the eigenquantum defect functions beyond R = 5 a 0 , as was tested for all levels calculated in this work. A second test which was carried out for all calculated energies is the convergence with respect to an increase of the maximal vibrational quantum number v + max included in the basis set. All calculations published in this work were converged to within 0.1 cm −1 when using v + max = 10 except those for the 2sσ a state, for which the basis had to be extended to v + max = 15. These tests indicate that the present implementation of the approach is meaningful.
Assignment of transitions to rotational and vibrational perturbers
The assignment of Rydberg series at n values beyond 15 is usually straightforward and can be carried out using Rydberg's formula. In contrast, the assignments of low-n states is very challenging and necessitates the combined use of double-resonance measurements and ab initio MQDT calculations. The results of the ab initio MQDT calculations for all triplet gerade states of H 2 with n ≤ 4 are compared to experimental data from the literature in Table 3 . 2, 30, 32, 38, 39 For clarity, we only present the results for states with N = 2 in Table 3 , but the agreement between experimental and calculated levels is similar for the other N values, as can be seen in the Supporting Information.
The agreement is on the order of 1 cm −1 as was the case in similar studies. 19, 39 For the states with n = 3, vibrationally excited states with v ≥ 3 had to be omitted from our calculations because the results did not converge even when using a basis with v + max = 40. A calculation of these states would be possible by explicitly taking into account electronically excited states of H + 2 and evaluating the eigenquantum defects beyond R = 5 a 0 , 19,39 but was not carried out in the realm of the present investigation. For the n ≥ 4 Rydberg states, the calculation of all states with v + ≤ 4 could be performed.
An error ∆η in the eigenquantum defects leads to a deviation
between the calculated and exact term value. The mean deviations between the observed and ab initio term values for the n = 2, 3, and 4 states amount to ∆ν = 0.1 cm −1 , 0.4 cm −1 , and 0.1 cm −1 , respectively. Using Eq. (25), we can therefore estimate that ∆η is 4 × 10 −6 , 5 × 10 −5 , and 3 × 10 −5
for the n = 2, n = 3, and n = 4 states, respectively. The value of ∆η at higher n values is expected to increase because the energy dependence of the eigenquantum defects is not known a priori and had to be extrapolated from the low-n states.
In the previous section we assigned Rydberg states with n ≥ 10 on the basis of Rydberg's formula (see Table 1 for the nd1 N (1) series). The ab initio MQDT calculations for these states are also included in this table for comparison. The agreement between the observed and calculated term values is better than 1 cm −1 , except for the 10d1 1 (1) state which is subject to strong rovibrational channel interactions, as already discussed above. For states with n higher than ∼ 18, the deviations between observed and calculated positions correspond to the experimental uncertainty of 0.2 cm −1 . We can therefore estimate the uncertainties in the eigenquantum defects to be ∆η = 0.005
at energies corresponding to the high-n Rydberg states (ε ≈ 0). This value of ∆η corresponds to uncertainties in the term values calculated ab initio of ∆ν = 1 cm −1 at n = 10 and ∆ν = 5 cm −1 at n = 6. This accuracy was sufficient to make preliminary assignments of all transitions observed in the realm of this work.
To experimentally confirm or correct the tentative assignments based on MQDT calculations, the double-resonance technique described in the experimental section was employed. Figure 8 shows the temporal evolution of the electron signal from the probe laser as the depletion laser is 
Adjustment of the eigenquantum-defect curves
To further improve the triplet gerade eigenquantum defects of molecular hydrogen, especially at high energies, we adjusted their values until perfect agreement between calculated and observed energy levels was achieved. To avoid the simultaneous optimization of a large number of fit parameters, the fitting procedure was divided into two steps. In the first step, we only considered the levels with negative electronic parity, the positions of which do not depend on any eigenquantumdefect parameter of Σ symmetry (see Table 2 ), and adjusted the dd Π and dd ∆ eigenquantum defects. In the second step, we only considered the levels with positive electronic parity. The dd Π and dd ∆ eigenquantum defects were held fixed and only the ss Σ, sd Σ, and dd Σ eigenquantum defects were adjusted.
The adjustment of the ab initio clamped-nuclei eigenquantum-defect functions η (Λ) (R, ε) was carried out by adding an energy-and R-dependent correction function c 
The value of the correction function at arbitrary values of R and ε was obtained by extrapolation using a quadratic function along ε and a linear function along R.
In the fit of the negative-parity levels, a total of 12 fit parameters was adjusted and the set of experimental data consisted of 29 n = 3 energy levels, 38 37 n = 4 energy levels, 30 and 107 energy levels with 4 < n < 20 from the spectrum presented in Figure 3 . Energy levels with n ≥ 20 were not included in the fit because their energies are less sensitive to adjustments of the eigenquantum defects. In the subsequent fit of the positive-parity levels a total of 18 fit parameters was adjusted and the set of experimental data consisted of 21 n = 2 energy levels, 2,32 68 n = 3 energy levels, 38 36 n = 4 energy levels, 30 and 73 energy levels with 3 < n < 20 from our new spectrum. The final values of the fit parameters are given in Table 5 . As expected, the largest corrections of the eigenquantum defects are observed at ε = 0. The adjusted clamped-nuclei eigenquantum-defect curves at this energy for the sd Σ, dd Σ, and dd ∆ symmetry are displayed as dash-dotted lines in panels (b), (c),
and (e) of Figure 7 , respectively. The adjusted eigenquantum defects for other energies and in the other panels are not shown, because they overlap with the corresponding ab initio curves on this scale. The adjusted clamped-nuclei eigenquantum-defect parameters are provided in Table 6 .
These parameters are mass-independent, i.e. they do not contain the corrections given in Eqs. (19) and (20), which must be added as appropriate for each isotopomer of molecular hydrogen.
To test the reliability of our adjustment procedure, we substantially varied the range over which the vibrational wavefunctions and eigenquantum-defect integrals of Eq. (10) were evaluated. For instance, by reducing R max to 6 a 0 and using a vibrational basis v + max = 15 throughout, we found that the result of the fit remained unchanged. In this calculation the adjustments to the eigenquantum defects were made in the range from R = 1.4 a 0 to 3.4 a 0 and the adjustment functions to the ab initio eigenquantum defects were represented as quadratic polynomials around ε = 0 and R = 2.4 a 0 .
The results of the MQDT calculations using the adjusted eigenquantum defects with the 'normal' and 'specific' mass corrections included are given in Tables 1, 3, In the quantitative analysis of the triplet gerade Rydberg states of H 2 by MQDT, ab initio values of the energy-and R-dependent eigenquantum defects have been derived from the BornOppenheimer potential-energy curves of low-lying Rydberg states 62, [62] [63] [64] [65] and of the ground ionic state. 66 For these low-lying Rydberg states (n = 2-4) the root-mean-square deviation between observed term values and term values calculated by ab initio MQDT was 0.5 cm −1 . The deviations were larger for Rydberg states with n = 5-12, indicating that the energy-dependence of the eigenquantum defects is not linear.
The ab initio eigenquantum defects and their energy dependence up to the quadratic term were then refined in a global fit to the experimental data. The adjustments led to a reduction of the rootmean-square deviation to 0.2 cm −1 and to eigenquantum defects which are now known to a precision better than 0.005 in the range of internuclear distances from 1.6 a 0 to 3.7 a 0 and for energies corresponding to n = 2 up to the ionization continuum. In general, the s-d interaction parameters cannot be derived unambiguously from potential-energy curves. 17, 18 Our analysis of experimental data and the assumption that all eigenquantum defects vary smoothly with the internuclear distance enabled us to overcome this ambiguity in the range of internuclear distances mentioned above. The adjusted eigenquantum defects and the experimental term values can serve as reference values for comparison with future ab initio calculations. The variational R-matrix approach has very recently been used 70 to compute triplet gerade η eigenquantum-defect matrices for H 2 from first principles in the range from R = 1 a 0 to 5 a 0 and for energies from n = 2 up into the ionization continuum. Both singly and doubly excited electron-ion scattering channels were taken into account explicitly, and a procedure was developed to reduce these scattering parameters to eigenquantum defects equivalent to those extracted in the present work from molecular potential-energy curves and level positions obtained by high-resolution spectroscopy. Although the eigenquantum defects determined in the R-matrix calculations do not have the same accuracy as these determined in the present work, the R-matrix calculations remove all remaining conceptual ambiguities as to the physical meaning of the eigenquantum defects. 70 Molecular hydrogen represents an ideal case for the study of perturbations in electronically excited states because both high-level ab initio calculations and accurate experimental data are available. Another molecule which has been studied at a comparable degree of detail is CaF, for which the initial values for the fit were determined by R-matrix calculations. 71 However, in that example, unlike in the present work, it has not yet been possible to incorporate the lower states with n − δ ≤ 4 quantitatively in the global unified MQDT framework. In future, we plan to apply the same formalism to treat the singlet gerade states of molecular hydrogen and Rydberg states of molecular systems having more than two electrons.
Further, we stress that the highly accurate quantum-defect functions we have extracted here from a wealth of spectroscopic information on the triplet gerade states of H 2 have a meaning beyond the spectroscopic context considered here. Indeed, the physics of collisions involving ionization and dissociation processes of H 2 is governed by the same short-range physics as the Rydberg states studied here, that is, the same quantum-defect parameters -this has been demonstrated for triplet gerade symmetry in Refs. 49 and 39. Specifically, the present data should help to improve -and possibly revise -the assessment of the contribution of this symmetry to the dissociative recombination of H + 2 ions with electrons. 72 Finally, the present work is also an example of how nonadiabatic dynamics in a large number of highly excited electronic states is amenable to an efficient and accurate quantum-mechanical treatment via frame-transformation theory. Tully, in a recent 'Perspective on non-adiabatic dynamics theory', 73 stated that 'nonadiabatic transitions between potential energy surfaces play a pivotal role in numerous chemical rate processes of current interest', but went on to caution that 'their treatment can be a formidable task that will require theoretical and computational advances that parallel the spectacular advances we are seeing in experimentation'. The present development might be viewed as a step in this direction. Fit to levels with positive electronic parity
ss Σ, R = 3 5(4) 3.1(12) 1.8 (7) sd Σ, R = 2 29(8) 1.5(10) −0.6(3)
a The values at ε = 0 originate from an extrapolation and the actual uncertainty is expected to be larger than the standard deviation. Table 4 . Table 4 .
